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FOREWORD 
This document presents an  interim report of a research program 
performed by the Lockheed Missiles & Space Company, Huntsville 
Research & Engineering Center (Lockheed/Huntsville), while under 
contract to the National Aeronautics & Space Administration, 
Marshall Space Flight Center (MSFC), Contract NAS8-21485. This 
report summarizes the derivation and computational procedures 
of a new method for studying the vibrational characteristics of a 
large liquid-propellant space vehicle. 
Technical coordinator of the contract was Mr. Harry J. 
Buchanan, Aero-Astrodynamics Laboratory, NASA/MSFC. 
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A new approach is used to study the vibrational characteristics of a 
large liquid-propellant space vehicle. This approach permits taking the 
higher slosh modes into account and using the dynamic behavior of liquid 
prgpellant contained in a tank as determined experimentally. 
program will provide a set  of system bending modes including the effect of 
liquid propellant in the vehicle. Lateral force distribution coefficients due 
to the dynamics of the liquid propellant can be computed. 
The developed 
Lagrange's equation is employed to formulate a coupled elastic and 
The vehicle is modeled as a ser ies  of non-uniform beams 
The engines of each stage may be 
fluid problem. 
interconnected by elastic interstages. 
represented as branch beams attached to the lower ends of the beams. 
Generalized coordinates of the system a r e  beam end displacements, coeffi- 
cients of beam deflection functions, branch beam deflection angles and coef- 
ficients of slosh modes. The kinetic and potential energies associated with 
the hardware of a vehicle are computed by summation along its longitudinal 
axis. 
forming volume integration over the tank volumes occupied by the propellant. 
The; energies associated with liquid propellant are obtained by per- 
In this study, a program called SLOSH was developed. This program 
computes the mass and stiffness matrices of the system associated with the 
liquid propellant and provides the lateral force distribution coefficients due 
to  the dynamics of the propellant. A Lockheed/Huntsville-developed bending 
program (Ref. 1) was modified to a two-dimensional case in order to accomo- 
date the additional slosh modes used in the present model. 
computes the mass and stiffness matrices of the system associated with the 
hardware of a vehicle. After a combination of the two sets  of matrices, the 
bending program will solve the constructed eigenvalue problem. 
This program 
iii 
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A study of the vibrational characteristics of Saturn V during its f irst-  
A user's guide of gtage flight is included as an example of the new method. 
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mass matrix of a system 
k th tank radius at the liquid propellant surface (m) 
stiffness matrix of a system 
eigenvectors of the nth slosh mode associated with the kth tank 
(dimensionless) 
distance between lower beam end and tank coordinate system 
of the kth tank (m) 
distance between beam end and center of mass of the kth tank(m) 
Bessel-function of the first kind associated with the kth tank 
mth root of equation Ji(jk) = 0 
length of the ith beam (m) 
distance between propellant surface and center of mass  of the 
kth tank (m) 
propellant mass in the first m layers of the k th tank(kg) 
number of fundamental deflection functions of the ith beam 
number of slosh modes of the kth tank 
2 2 potential energy of a system(kg-m /sec ) 
potential energy of the propellant contained in the kth tank 
(kg-m /sec ) 
generalized coordinate vector 
2 2 
transposed matrix of - Q
vi 





















ith generalized coordinate 
2 2 kinetic energy of a system (kg-m /sec ) 
kinetic energy of the propellant contained in the kth tank 
(kg-m /sec ) 
lower end displacement of the ith beam (m) 
2 2 
upper end displacement of the ith beam (m) 
eigenvector of a system 
jth fundamental deflector function of the ith beam (dimensionless) 
2 lateral acceleration of the ith beam (m/sec ) 
2 longitudinal acceleration of a vehicle (m/s ec ) 
wave height of liquid propellant (m) 
eigenvalues of a fluid system (dimensionless) 
natural frequencies of a system (rad/sec) 
velocity potential of the propellant contained in the kth tank 
2 2 
(m /set 1 
eigenfunctions of a fluid system (dimensionless) 
2 angular acceleration of the ith beam (rad/sec ) 
th 3 mass density of the propellant contained in  the k tank(kg/m ) 
nth slosh coefficient of the kth tank(m) 





To ensure a successful flight of a liquid-propellant space vehicle, the 
fundamental frequencies of the control system, liquid propellant and the hard- 
ware of the vehicle should be designed such that they a r e  fairly widely sepa- 
rated. Hence, the oscillations of a vehicle will not be excited by the function 
of the control system. 
interaction between propellant sloshing and bending must not present any 
large amplitude dynamic response. 
In case the vehicle is excited by a forcing function, 
In order to simulate the dynamic response of a vehicle, it has been 
traditional to model the vehicle as a non-uniform beam (Ref. 2). 
pellant contained in each tank is replaced by a mass-spring-dashpot system 
attached to the beam. Due to the limitations of computation time on a digi- 
tal computer and the capacity of a hybrid computer (Ref. 3), only the first 
slosh modes fo r  some of the propellant tanks can be taken into account. 
The above assumptions provide a good mathematical model of a vehicle during 
its early portion of flight. 
atively low or  in case of a shallow tank, the dynamic behavior of liquid pro- 
pellant cannot be adequately represented by its first mode alone. 
a new mathematical model is needed which includes higher slosh modes and 
can be computed within the capabilities of a computer. 
Liquid pro- 
However, when the propellant level becomes rel- 
Therefore, 
A new approach for studying the interaction between vehicle bending 
and propellant sloshing is introduced in this report. 
used to formulate the problem. 
maximum of 60 degrees of freedom was developed. 
matrices of the coupled elastic and fluid system can be accurately calculated. 
System bending modes with the presence of liquid propellant of a vehicle will 
Lagrange's equation is 
A digital computer program which solves a 
The mass and stiffness 
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be provided. 
needed, the model can be properly defined by taking into account only the 
first few of these modes. 
set of differential equations than the conventional approach. 
the objectives of the study a r e  to define an accurate model for analyzing the 
coupling between vehicle bending and propellant sloshing and to present a 
set  of system bending modes for flight simulation. 
If a mathematical model for  atmospheric flight simulation is 






Saturn V is used as a typical vehicle in this study. With minor modi- 
fications, the presented method and the developed digital computer program 
may be applied to analyze other liquid-propellant space vehicles. As shown 
in Fig. lb, the vehicle may be modeled as a system of four non-uniform 
beams interconnected by elastic interstages. 
may be modeled as branch beams attached to the lower ends of the beams. 
The deflection of each beam is represented by a linear combination of four 
fundamental deflection functions. 
contained in  each tank is described by the first one to three slosh modes. 
Hence, the generalized coordinates of the system a r e  beam end displace- 
ments, engine deflection angles, coefficients of beam deflection functions 
and coefficients of slosh modes. 
The engines of each stage 
Dynamic behavior of liquid propellant 
The hardware mass of the vehicle is distributed along the longitudinal 
axis of the vehicle. 
tions such that volume integrals can be readily performed (see Figs. 2 to 5). 
Tank configurations a r e  approximated by simple func- 
Suppose that _A, B, and - Q are  the mass matrix, stiffness matrix and the 
generalized coordinates vector of the system, respectively. 
energy of the system may be expressed as 
The kinetic 
T = 1/2 bT&B 
‘ T  dQ where - Q is the transposed matrix of - Q andQ . The potential energy 

























Fig. 1 - Saturn V Vehicle Configuration 
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Fig. 2 - S-IVB Tank Configuration 
5 
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Fig. 3 - S-I1 Tank Configuration 
6 
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Fig.4 - S-IC LOX Tank Configuration 
7 
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Fig. 5 - S-IC Fuel Tank Configuration 
8 
T P =  1/2Q J3Q 
F o r  a conservative system, Lagrangel s equation is 
i = 1 , 2  ,..., n (2.3) 8P 
where qi is the ith element of _a. If Eqs. (2.1) and (2.2) a re  used, Eq. (2.3) 
bewmes 
The solution of the above equation may be taken as  
where ,X and 0 gre the eigenvectors and the natural frequencies of a system, 
respectively. Substituting Eq. ( 2 . 5 )  into Eq. (2.4), one finds 
Retailed derivations of matrices ,A and B - a r e  given in Section 3 and the Ap- 
pendix. 
4. 
Subprograms which compute these matrices a r e  discussed in Section 





Lagrange's equation is used to define a mathematical model for studying 
the vibrational characteristics of Saturn V. 
considered as a ser ies  of elastic non-uniform beams interconnected by elastic 
interstages. 
is attached to the beam through a rigid rod and a torsional spring (see Fig. lb). 
The vehicle is assumed to be axisymmetric and restricted to plane motion. 
Liquid propellants contained in the tanks of Saturn V a re  considered incom- 
pressible, inviscid fluids. Furthermore, small oscillations and irrotational 
flow a re  assumed. 
The structure of the vehicle is 
The engines of each stage may be represented by a mass which 
The kinetic and potential energies of a vehicle a r e  computed in  the 
following manner. Energies associated with the hardware a re  obtained by 
integrating along the longitudinal axis of the vehicle. Energies associated 
with the liquid propellant are computed by performing volume integration 
over the tank volumes occupied by the propellant. The total energy of a 
vehicle is represented by the sum of these energies. 
tial energies of the hardware of a vehicle a re  defined in Ref. 1. 
a few notations may differ from those used in this report, the reader will not 
The kinetic and poten- 
Except that 
have any communication difficulty. 
As shown in Fig. 6, the kinetic energy of the propellant contained in the 
th k tank can be expressed as a volume integral 










Fig.6 - Coordinate Systems of kth Tank 
1 1  
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where 
v =  r 
= 
v =  
2 
and 
.1 a:- u. 
[aft (dlkt 5) ' 
j = l  
1 
- r  .I u. - u. 
1 1 




;kn $kn $k = - sine C - 'kn n = l  
(3.2) 
(3.3) 
Notations used in  the above equations a re  defined below: 
mass density of the propellant contained in the kth tank 
lower end displacement of the ith beam 
upper end displacement of the ith beam 
length of the ith beam 
distance between lower beam end and tank coordinate system 
of the kth tank 
number of fundamental deflection functions of the ith beam 















jth fundamental deflection function of the ith beam 
velocity potential of the propellant contained in  the kth tank 




eigenvalues of a fluid system 
tank radius at the liquid propellant surface ak 
x 
kn 
nth slosh coefficient of the kth tank 
eigenfunctions of a fluid system 
kn 
$kn 
The eigenfunctions $kn of Eq. (3.3) can be chosen in the following form 
n 
km where c and Jl(jkm e) a r e  the eigenvectors of the nth slosh mode and 
Qessel function of the f i rs t  kind associated with the kth tank, respectively. 
The notation 
of the kth tank and jkm is the mth root of the equation 
is the distance between propellant surface and center of mass 
The superscript I1prime" of J1 denotes .a differentiation with respect to its 
argument. 
tained in an axisymmetric tank with arbitrary height. 
- (3.4) into Eq. (3.1), the kinetic energy T 
generalized coordinates u i' u. 2 $j and gkn' 
The functions of Eq. (3.4) give an excellent solution for liquid con- 
Substituting Eqs. (3.2) 
may be written in terms of the k I r  
13 
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j = l  j = 1  
. .  
(BS)kjn gij ckn 
j = l  n = l  'kn n =  1 
S 
Nk Nk 1 
n = l  m = l  
( 3 . 6 )  
Detailed derivations and expressions of Vpp, VEq, Vzq, (ULB). ., (URB)ij, 
(BB)ijm' 'En* 'knY 4 (Bs)kjn and 'kmn a re  given in the Appendix. k 1J 
The potential energy of the propellant contained in  the kth tank is ex- 
pressed as a surface integral integrated over the static free surface of the 




n = l  
is the wave height of liquid propellant (see Fig. 6) and a3 is the longitudinal 
acceleration of a vehicle. 
generalized coordinates of the system, 
Similarly, Eq. (3.7) can be written in terms of the 
n Nk Nk 
pk = 2 Pk OL3 Pknm 5kn5km (3.8) 
n = l  m = l  
The quantities pkmn and the intermediate steps which lead to Eq. (3.8) a r e  
given in the Appendix. 
If Eqs. (3.6) and (3.8) a r e  substituted into Eq. (2.3) and differentiated 
with respect to the appropriate coordinates, the elements of the mass and 
stiffness matrices associated with the propellant will be found. After a com- 
bination with the corresponding matrices associated with the hardware, a 
matrix equation which governs the vibrational characteristics of a system 
(Eq. ( 2 . 6 ) )  will be obtained. 
Ref. 1. 
The method of solving this equation is given in 
Lateral force distribution coefficients due to the dynamics of the liquid 
propellant a r e  computed in  the same fashion as in  Ref. 4. However, a maxi- 
mum of three slosh modes per  tank can now be included. It can be shown 
that the lateral force exerted on the kth tank wall due to the motion of the 





- T % % p k & q j  2 2  f ( 8 R  5 t k) R RdRdZ 
j = 1  A m 
””-) R RdRdZ 
r 
”k 
R r -  
( 3 . 1 3 )  





and mA denotes an integration over the first m layers of the propellant in  a 
tank. Notations a2i and $. a re  the lateral and angular accelerations of the 
ith beam, respectively. Ggk and Mmk a r e  the distance between center of 
th mass  and beam end and the propellant mass in the first m layers of the k 
tank, respectively. Definitions of bm, qj, km and f .  which a re  all related to 
the k 
mth layer of the kth tank is calculated by subtracting (m - F' ) from (mFL)k 









DIGITAL COMPUTER PROGRAM 
4.1 PROGRAM ORGANIZATION 
A program called SLOSH was developed in  this study. Detailed dis-  
This program computes the lateral cussions a r e  presented in Section 4.2. 
dynamic force distribution coefficients due to the propellant of a vehicle, and 
provides the information with regard to the dynamic behavior of the liquid 
propellant contained in  a rigid tank. 
program of a modified Lockheed/Huntsville bending program (Ref. l), it will 
compute the mass and stiffness matrices associated with the liquid propellant 
of a vehicle. 
structed eigenvalue program and provide the free vibrational characteristics 
of a vehicle. 
If the SLOSH program is used as a sub- 
With these matrices, the bending program will solve the con- 
The overlay configuration of the modified bending program is shown in 










Directs logic flow to other routines 
Sets up control information 
Gene rates fundamental beam deflection functions 
Computes integral terms associated with the hardware 
Reads i n  data and sets up problem definition 
Computes mass and stiffness a r rays  associated with 
the hardware 
Computes mass and stiffness a r rays  associated with the 
liquid propellant and the lateral force distribution coef- 
ficients due to the dynamics of propellant 
18 
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Generates slosh normal modes 
Performs line integrals associated with the propellant 
Describes tank configurations 
Solves the constructed eigenvalue problem 
Plots beam properties, displacement functions and mode 
s hap e s . 
4.2 THE SLOSH PROGRAM 
The SLOSH program serves the following purposes: 
1. To read in  certain output and intermediate data of Lomen's program 
(Ref. 4) such that the computation time of the modified bending program can 
be greatly reduced. 
age (SOLVE) and the SHARE eigenvalue routine (RWEG2F), which a r e  in the 
MAP symbolic language, of Loments program could be coded in the Fortran 
IN language o r  substituted by other standard routines, the function of Lomen's 
program may be readily replaced by the SLOSH program. It is expected that 
the SLOSH program will take less computer time than the Lomen program. 
In the future, if the SHARE simultaneous equation pack- 
2. To compute the mass and stiffness matrices associated with the 
liquid propellant of a vehicle. 
3. To provide the lateral force distribution coefficients due to the pro- 
pellant dynamics. 
Input data which a re  now furnished by the Lomen program a re  listed 
.on the following page. 
20 
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Variable Name Variable Name 
(Lomen program) (SLOSH program) 
TEMP(2) DBTBCM(1) 
PEV(1, J) 




Distance between tank bottom 
and center of mass  
Eigenvalues of a fluid system 
Eigenvectors of a fluid system 
see  p. 3 - 9 of Ref. 4 
A m 
RdRdZ (see second term of 
Eq. (3.11)) 
j = l  
Note that the Lomen program has some e r ro r s  in the computation of the 
lateral  force distribution coefficients. 
modified in order  to obtain the above variables. 
His program has also been slightly 
Unfortunately, due to the complexity of the bending program, i t  will not 
be able to evaluate the integrals of Eq. (A-4) in the bending program for  the 
moment. 
f rom subroutine C56Y a r e  approximated by straight-line segments in  order 
to perform the integrations of Eq. (A-4) in the SLOSH program. Each deflec- 
tion function associated with a tank is represented by three straight-line 
segments. 
the dots along the x3 axes in  Figs. 2 through 5. 
should be chosen to give the best approximation of the portion of a deflection 
curve where the integration over the propellant volume is actually taking place. 
Currently, the fundamental deflection functions which are generated 
The ordinates of the terminals of the straight lines a re  shown by * 
In general, these segments 
The tank configurations of Saturn V are specified by simple curves (Figs. 
2 through 5). 
are included as a subroutine of the SLOSH program. 
grals of Eqs. (A-3) through (A-6) are evaluated by the Gauss mechanical quad- 
rature formula (Ref. 6). 
Bessel functions which a r e  represented by ser ies  form (Ref. 5) 
Finally, the line inte- 
21 
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4.3 PROGRAM LIMITATIONS 
The present IBM 7094 version of the modified bending program is 
designed for a four-beam model, see Fig. 1-C and Section 5. 
statements which a re  used in  the SLOSH program require the following limi- 








Number of slosh modes per tank 
Number of partitions per tank 






4.4 USER'S GUIDE FOR THE FOUR-BEAM MODEL 
4.4.1 Input 
The sequence and format of an input data deck for a particular flight 
time a re  shown below: 





12A6 Title Card 










Rotary inertia is included. 
Rotary inertia is not 
included. 
Fundamental deflection 
functions a re  printed. 
Fundamental deflection 
functions a re  not printed. 
Shear deflections a r e  
included. 




Data No. of - Set Cards 
2 1 
Format Description 
1216 Column Value 
19-24 0 Only problem defini- 
tion data printed. 
1 Integral terms a re  
printed. 
2 Mass and stiffness 
arrays a re  printed. 
3 Intermediate eigen- 
problem ar ray  and 
all accuracy check 
arrays a re  printed. 
3 Variable 4El8.8 
4 Variable 7E11.7 
5 1 811 0 
25-30 
31 -36 N 
37-42 
43 - 48 
49- 54 








31 -40 0 
Not ope rational 
N modes a r e  plotted. 
Not ope rational 
Not ope rational 
Not ope rational 
Output tape in Stodola 
format is generated. 
Tape is not generated. 
Not operational 
Slosh coordinates a re  
not included. 
Slosh coordinates are 
included. 
Mass distribution of 
a vehicle 
Mass distribution of the 
hardware of a vehicle 
Nth stage of flight 
N cases 
N slosh modes per tank 
Propellant mass is in- 




Data No. of 
Set Cards 
-- Description Format 











Othe rwis e 
No lateral force dis- 
tribution coefficients 
printout 
Othe rwis e 
Zero length interstage 
Othe rwis e 
No normalized slosh 
normal modes printout 
Otherwise 
No intermediate com- 
putation printout 
Otherwise 
41 - 50 


















Propellant mass  densities 
Distance between tank bottom and center 
of mass  for  all tanks 
Beam lengths 
Distance between tank coordinate system 
and beam end for all tanks 
First three eigenvalues of a fluid system 
for all tanks 
First three eigenvectors of a fluid system 
for all tanks 
Abscissas of approximate fundamental 
deflection functions 
Or dinat e s of approximate fundament a1 
deflection functions 







11 Variable 8E10.6 
12 Variable 10E8.4 
8E10.6 13 Variable 
14 Variable 8E10.6 
15 1 811 0 
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Data No. of - Set Cards Format Column 
16 1 8E10.6 Partition heights of all tanks 
17 V a ria bl e 8E10.6 HN(1, J) ,  see Section 4.2 
18 Variable 8E10.6 TTFCB(1, J) , see Section 4.2 
In case of multiple runs, input data decks for  different flight times may be 
stacked together. 
amental deflection functions. 
flight time t = 0 is given on the following pages. 
In addition, the Stodola tape is used to generate the fund- 
As an example, the data deck for  Saturn V at 
4.1.2 Output 
All of the input information will be provided. By taking the proper 




4. Other pertinent intermediate computations. 
Mass and stiffness properties of a vehicle 
Frequencies, mode shapes and generalized mass printout and plots 
Lateral force distribution coefficients due to the propellant dynamics 
25 
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Vibrational characteristics of Saturn V first stage flight are studied in 
The vehicle is modeled as a ser ies  of four beams rigidly con- this section. 
nected to each other (see Fig. IC). Two cases of one slosh mode per  tank and 
three slosh modes per  tank are investigated. 
of Saturn V is shown in Fig. 8 and the first three slosh frequencies of the 
tanks of the vehicle a r e  shown in Figs. 9 through 11. 
it was found, came before the vehicle bending modes. 
the flight, however, some of the slosh modes (mainly higher modes) will mingle 
with the vehicle bending modes. 
second phase of the present contract. 
obtained from this program to develop a hybrid simulation program for  Saturn 
V atmospheric flight. 
The longitudinal acceleration 
Most of the slosh modes, 
In the latter portion of 
Further Qbservations will be made in the 
It is to use the system bending modes 
The f i rs t  25 modes of the case having three slosh modes per tank at  
flight time t = 0 a r e  shown in Figs. 12 through 36. 
quency and generalized mass of each mode a r e  given on the top of each plot. 
The f i rs t  three vehicle bending modes of this case are also indicated in these 
figures. 
pe r  tank a r e  presented in Figs. 37 through 49. 
of the vehicle for the above cases a r e  provided in  Figs. 50 through 53. For  
comparison, the mass distribution and vehicle bending modes of the vehicle 
at flight time t = 40 a r e  shown in Figs. 54 through 57. 
The corresponding fre-  
Similarly, the first 13 modes of the case having only one slosh mode 
Mass and stiffness properties 
The lateral  force distribution coefficients due to the liquid propellant 
of Saturn V a r e  computed. 
to the coefficients A and B is small and diminishes rapidly for  layers 
away from the propellant-free surface. 
three slosh modes into account and the coefficients (mCg)i, i = 1,2, 3, a r e  
shown in Figs. 58 through 67. 
It is found that t+e influence of higher slosh modes 
m a  m 4 . J  
These coefficients which take the first 
33 
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Fig. 10 - Second Mode Slosh Frequencies of the Tanks of Saturn V 
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Fig. 25 - 14th Mode Shape (three slosh modes  per tank) 
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Fig. 39 - 3rd Mode Shape (one slosh m o d e  per tank) 
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Fig.45 - 9th Mode Shape (one slosh mode per tank) 
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Fig. 46 - 10th Mode Shape (one slosh mode per tank) 
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Fig, 62 - Lateral Force Distribution Coefficients ( C ) / a3  (kg/rn) 
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CONCLUSION AND RECOMMENDATION 
A new method was derived to study the vibrational characteristics of 
a coupled elastic and fluid system idealized from a liquid-propellant space 
vehicle. This method presents a consistent formulation for the physical 
problem and has less  restrictions in  application than the conventional mechan- 
ical model approach. 
a few system modes which a r e  influencing the vehicle dynamics will be needed 
to define a mathematical model for  flight simulation of a space vehicle. Con- 
sequently, i t  will not only lead to a simple and reliable model but also meet 
the limitations of a computer. For  instance, the limited capacity of a hybrid 
computer and excessive computation time required on a digital computer a re  
the problems which a re  commonly encountered in  flight simulation. 
In addition, the method provides a possibility that just 
Due to the complexity of the computer program, certain possible im- 
provements of the program are  not able to be made in  this contract. Specific 
areas  a re  simplification of the input data deck, possible savings of computer 
time and to evaluate the integrals of Eq. (A.4) in a better manner. However, 
the method was demonstrated in this preliminary study that it is a logical ap- 
proach to solve the coupled bending and sloshing problem of a large-liquid 
propellant space vehicle. 
Fo r  an axisymmetric tank, the velocity field of the fluid can be expressed 
n by Eqs. (3.2), (3 .3)  and (3.4). The eigenvectors ckm and slosh frequencies 
‘kn 
possess a nice geometric symmetry, seeking an analytic expression of the 
velocity potential of the fluid is almost impossible. Perhaps, to define an 
empirical equation based on experiment is the only solution to the problem. 
Once the velocity potential of a fluid system is given in an explicit form, the 
can be obtained from Ref. 4. In case of an arbitrary tank which does not 
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kinetic and potential energy terms associated with a tank can be readily com- 
puted. 
vehicles whose propellant tanks do not have symmetric properties. Further- 
more, utilization of the current capability of the developed program, the 
Saturn V vehicle may be modeled more accurately than the present four-beam 
model. 
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DETAILED DERIVATIONS OF SECTION 3 
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Appendix 
Substituting Eqs. (3.2) and (3.3) into Eq. (3.1), the kinetic energy of the 
th k tank can be expressed as 
2 cr - ;.e . r  .I 
1 I i  i (dlktx;) t  ("i - u i )  (d lk tx3 )  * 2  
T k =  z p k $  V [ Li Li 
. r  .I Ni N i  N i  u. - u 
1 i ( d l k t x ; ) x  iij Yij tc i.. i .  Y.. Yim N i  
ij im ij 
t 2;: c i i jYi j  t 2 
j = l  Li j = l  j = l  m = l  
t cos e -) R 
'kn 3 
2 'kn 'km t cos e - - 
*k Nk 
'E c iknikm aR aR R R  
n = l  m = l  
L 
az az 




1 - 2- dlk - 2- ak z* t ($2- dlk Li - ak Li z* 
Li Li 
2 
t (3 Li Z*) t L(% 2 Li R f ]  
2 2 2 
.1 .r dlk t - z  ak * -(2) - 2 - - z  dlk ak * - ( z Z * )  - 3 ( Z R )  ] 
t 2 u. 1 1  u. [-.; Li Li Li 
N i  Ni  
j = 1  j = l  
1J 
t 2;; iij [l -- - - 
Ni Ni 
j = 1  m = l  
kn 
Nk 1 tcz - n =  1 'kn 
Y.. Yim 
1J 
("kn dkn)(l dlk ak Z*) + -R- ak a $kn ] 
az - Li a R + R  Li Li 
A- 2 
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1 * *  (*t h) Y.. *i Nk ‘c  c < ‘ij5kn R 1J 
j = l  n = l  
$kn $km t- -1 
Nk Nk 
n = l  m = l  
ikn ikm aR R R 
1 RdRdZ a $kn t- az az 
where 
z* = G3k--d1k t Z and dZ* = dZ. 
“k 
If Eq. (3.4) is used and integrations with respect to Z a r e  performed (Ref. 6 ) ,  
Eq. (A-1) may be further reduced to the following form. 
2 
1 1  
A A . I  . r  
4- ui (ULB)ij iij t ui C (URB)ij iij . .  . .  
j = l  j = l  
1 
Nk 
.L . .  Ni Ni 
-t C C (BB)ijm ‘ij ‘im + ui Z l z  ‘En ikn 




t 2 Z*] Z*RdR 
Li 
(ULB) i j  
(URB) . . i 1J = - 2 1  S Y . .  RdRdZ - 1J ' (URB). . 1J 
S 
= - 2 1  [- dlk t 35 z*] Y . .  
Li Li 1J 
RdRdZ 
(BB).. = - Y . .  Yim RdRdZ* 
1Jm f 1J 
S 
=-$  [- "kn t "1 Y . .  RdRdZ 
(BS)kjn a R  R 1J  
s 
t L ( 2  3 Li Z * r ]  Z*RdR (A.3) 
A - 4  
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5 
- Sq kn tx [ 2 j $ R z j -  
j = l  
Z*dR1 
1 -J (j  .R) 
Jkj kJ 
and 
2 j t Z i - 3 Z * d R  
5 5  
= C c k j c k i ( 4 j i - ~ j - ~ i t ~ )  n n  
‘knrn 
j = 1  i = l  
A - 5  
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The potential energy of the kth tank (Eq. (3.7)) can be written in the 
following form 
Nk Nk 
pk=rPrOL?a:J[x 1 4 kn t$ km ] sin20RdRd0 
FS n = l  m = l  
where 
1 
Pknm =J ' kn ' km dR 
0 
Substituting Eq. (3.4) into the above equation, one finds 
5 5 
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